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T h e p h e n o m e n o n of the distribution o f a d o o r w a y state over m a n y c o m p l i c a t e d c o m p o u n d 
nuclear states, i. e . the f o r m a t i o n and properties of a so-cal led micro-giant resonance, are investi-
gated analyt ical ly and n u m e r i c a l l y b y m e a n s of a s i m p l e m o d e l . T h e distribution of the poles in 
the c o m p l e x p l a n e and the distribution of the residues of the S -matr ix are obtained numerica l ly 
and used to calculate the average cross-section. I t is shown that the LANE-THOMAS-WIGNER theory 
applies , e x c e p t for a p o s s i b l e correction to the shape of the resonance occuring in the cross-section 
averaged over the energy . This shape n e e d not b e descr ibable b y a LoRENTzian. Estimates of the 
" s p r e a d i n g w i d t h " W a n d the " t o t a l w i d t h " J f 0 a r e g iven f o r particular c a s e s . I t i s noteworthy 
that the relat ionship JF0 = J F - j - T need not b e correct even as an order -o f -magnitude est imate , where 
r is the decay width of the d o o r w a y state. 

Doorway states resulting from the two-body 
character of the nuclear forces and functioning as 
intermediaries between the continuum and the com-
plicated compound nuclear states should manifest 
themselves through intermediate structure pheno-
mena in nuclear excitation functions 1 - 5 . Recently, 
indications have been mounting for the existence 
of such phenomena, at least in certain regions of 
the periodic table 6 ' 7 . The isobaric analogue states, 
too, are manifestations of this phenomenon 8 ' 9 . In 
the present paper, we analyze the formal properties 
of doorway states and, in particular, investigate the 
intermediate structure phenomena induced by such 
states. This intermediate structure depends upon the 
various coupling constants (matrix elements) which 
enter into the theory. 

A doorway state is d e f i n e d 1 - 5 ' 1 0 as a bound 
state 0 of a model-HAMiLTONian embedded in 
the continuous spectrum with the property that 
the matrix element of the complete HAMILTON-

operator between 0 and the continuum is not 
small. C lear ly , this definition is dependent both on 
the model-HAMiLTONian and on the channel (the 
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continuum) under consideration. In order for inter-
mediate structure phenomena to exist, it is necessary 
that the density of doorway states be sufficiently 
small. Otherwise, the doorway states overlap and 
intermediate structure connected with individual 
doorway states gets lost. This condition (that the 
density of doorway states be small) is met in the 
light nuclei where we deal with isolated resonances 
for sufficiently low energies. In the medium-weight 
and heavy nuclei, intermediate structure phenomena 
associated with individual doorway states are ex-
pected to show up most strongly in reactions in-
volving simple projectiles (nucleons) and target 
nuclei in the vicinity of closed shells. Also, such 
phenomena may appear favourably in particular 
ranges of excitation energies of the compound 
nucleus. However, it is possible that collective 
excitations may also function as doorway states 12 . 
At any rate, it is clear that even isolated doorway 
states in medium-weight and heavy nuclei will in 
most cases not appear as individual resonances, but 
instead as "microgiant" resonances 1 3 ' 1 4 and it is 
this case that we are presently interested in. An 
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isolated doorway state is "smeared o u t " over a 
large number of c o m p o u n d nuclear states. Thereby, 
the partial widths of these states relating to particu-
lar channels acquire coherence properties that 
lead to a microgiant resonance. The existence of 
such coherence properties is, in fact, a model-in-
dependent definition of a doorway state. In the 
fo l lowing , we investigate this coherence phenomenon 
analytically and numerically. W e are particularly 
interested in the increase of the " s m e a r i n g " with 
increasing coupling between doorway state and the 
complicated c o m p o u n d states, and in the correlations 
in magnitude and sign of the residues o f the poles 
of the S-matrix. The precise knowledge of these 
correlations is necessary f o r the calculation of the 
average cross-section, i. e. f o r the understanding 
of the intermediate structure phenomenon. 

In sect. I, we define our assumptions and notation. 
W e describe general properties of the doorway 
state which can be obtained analytically. In sect. II , 
we describe the calculation of average cross sections 
and the dependence of the resulting parameters on 
the input parameters of the theory. In sect. I l l , we 
give some of the results of extensive numerical 
calculations. 

I. A Model for a Doorway State 

W e confine ourselves to one channel (elastic 
scattering only) . T h e formalism employed here is 
similar to that of r e f s . 1 0 and 1 5 and will not be 
explained unless it differs from these references. 
G i v e n a model HAMiLTONian H0 with one doorway 
state 0 and a large number of complicated states 

i = l , . . . , N embedded in a continuum with 
scattering functions X P E , we assume that the com-
plete HAMiLTONian H has the following real matrix 
elements 

(yE\H\WE')=EÖ(E-
(We\H\0) = VE, 

(&\H\$) =€, 

E'), 

(1) 

obtained f r o m the asymptotic behaviour of the 
functions W E and defined in equ. ( 3 . 3 ) o f r e f . 1 0 is 
constant over the energy range of interest, and that 
consequently VE can be approximated by a constant, 
V say. 

The S-matrix (now called S- funct ion as we deal 
with a one-channel prob lem) has /V + l poles, cor-
responding to the coupl ing of the N states ^ ^ a n d 
the state 0 to the continuum. As shown in r e f s . 1 0 

and 15 , it has the general f o r m 

S = exp ( 2 i d ) • ( 1 — £ 2 p u 1 a= 1 

JV-H r„ 
(2) 

with 

ra = 2nV2;NZ I Ei + e-iJiV2. ( 3 ) 
a = 1 a = 1 i= 1 

The complex energies //a are defined as the roots 
of the equation 

E-e! -Vx 

D(E) 
E-e, -V2 

0 ' • 
E — en —VN 

-Vi ~V2 • • • - Vx E-e+i ti V-

= 0 . ( 4 ) 

This equ. can be transformed into 

1 7 ( £ - « * ) = I Vjfl(E-ei) ( 5 ) 
i=1 i = l 1=1 

Z + i 

with £,v + i = E-in V2 . From equ. ( 2 . 6 ) of r e f 1 5 , 
it fo l lows that 

N 
LI (t*a~£i) 

r a = 2 n V 2 1 = 1 -
-v+i . ( 6 ) 
[I 

ß=l 
ß*<x 

By taking the derivative of D(E) with respect to E 
N+1 

at E = jua and using D(E) = JJ (E — jua) and equ. 
oc = l 

( 5 ) , it can be shown that 

r a = 
2 71 V-
N Vi2 

( 7 ) 

W e thus assume that H has been diagonalized in 
the subspace of funct ions and X P E . W e also 
assume that the elastic scattering phase shift d 

15
 H . - A . WEIDENMÜLLER and K . DIETRICH , Nucl. Phys. (in the 

press). 

Then, r a can simply be calculated once the roots 
jua of equ. ( 5 ) are known. Similarly, it is possible 
to show that 

1 1 v Li + ^ I // — c.|2 i = l I i"a I 



so that lim ( T a j — 2 Im jua) = 1 as should be the 
case. 

The equs. given above can be interpreted physi-
cally as follows. Let us first discuss the case where 
Vi = 0 f or all i. Then, jUi = £i for i = 1, . . . , N +1, 
and Ti = 0 for i ^ N. Furthermore, +1 = 2 JI V2. 
The 5-function has a single pole at a distance A-^v + i 
f rom the real axis, corresponding to the doorway 
state. This pole manifests itself in the elastic scatter-
ing cross-section o ( E ) through the occurence of an 
isolated resonance. Here, o ( E ) is (except for factors 
not interesting here) given by 

o(E) — | S(E) — 1 |2 = 2 (1 — ReS(E)). (9 ) 

As we turn on the couplings V i , the function S(E) 
acquires N + 1 poles, which according to equ. (8 ) 
are all situated below the real axis. The doorway-
state pole moves toward the real axis. This follows 
from the second of equs. ( 3 ) . At the same time, 
the strength 2 n V2 with which the doorway state 0 
is coupled to the continuum is spread over the N + 1 
resonances which now arise, according to the 
first of equs. ( 9 ) . As long as the matrix elements 
Vi are sufficiently small, we may use perturbation 
theory to calculate fia and r a and obtain 

Vj? 
Vk = tk+ . ; k=l,..., N, £k — «JV + 1 

/ % +1 = £N + 1 + v vJl 
fr=l £ V +1 — ' 

(10) 

and 

r , = 2 JiV2 V,:2 
, k = l,... ,N; 

rN+l = 2 . 1 F 2 - v rk. ( 1 1 ) 
* = 1 

In this case, the spreading of the doorway state 
over the compound states is very small. We call 
this situation case a. It is remarkable to see that 
the perturbation-theoretical denominators occurring 
in equs. (10 ) and (11 ) contain both the positions 
and the widths of the unperturbed states. This 
shows that the quantity of interest for a perturba-
tion-theoretical approach is not the difference of 
(real) energies between the states (this might 
become arbitrarily small for sufficiently high densi-
ties of the states & P ) , but the difference between 
the poles in the complex plane. The pattern result-
ing in the scattering amplitude for case a is that 
of a single pole providing the background (a broad 
resonance), superimposed upon which the N poles 

of the states produce quick variations. In this 
case, we do not encounter a doorway state in the 
true meaning of the w o r d : The state 0 decays back 
into the continuum long before it starts populating 
the states 

so that, although it fulfills the 
formal definition of a doorway state, it actually 
blocks the entrance to the compound nucleus. 

As we further increase the strength of the matrix 
elements V i , the doorway state pole approaches the 
N other poles corresponding to the states until 
it merges with them. Thereby, the doorway state 0 
looses its identity and becomes spread over the 
N +1 compound nuclear resonances. W e now con-
sider a situation extremely opposite to case a, 
where the matrix elements Vi are large, and where 
the merger and the distribution of 0 over the N +1 
resonances are so complete that each of the N +1 
quantities jua has a very small imaginary part that 
can be treated in perturbation theory. In that case, 
the matrix occurring in equ. (4 ) without the term 
ijiV2 in the (N + l, A + l ) element can be diago-
nalized by a real orthogonal matrix Ojk with result-
ing real eigenvalues Aj. The elements give 
the distribution of the doorway state over the N + l 
eigenstates of the system; they will be assumed to 
have a LoRENTzian distribution, 
0 

W d 
>N +1 , i=l,...,N+l, (12) 2x[ai-s)*+t r 2 ] 

where W is the "spreading width" of the doorway 
state over the eigenstates, and d is the average 
distance between neighbouring eigenvalues A f . The 
quantity W has been estimated in refs. 4 and 16, these 
authors find 

ry co ys 
d ( 1 3 ) 

where V2 is the average of V2 . Transforming the 
matrix in equ. (4 ) with 0 { k , we obtain the new 
determinant 

D(E)-\(E-Xj) djk+ ~OjN+lOkN + 1r I = 0 . ( 1 4 ) 

If W r = 2 JI V2, perturbation theory in equ. (14) 
becomes, according to equ. ( 1 2 ) , applicable and we 
obtain for the eigenvalues /ua the expression 

m = 2 Oh+l'T; j = 1,..., N + 1 . (15) 

Correspondingly, we have in lowest order in r / W 

rj = OjN+1 T; j =1,..., N + 1 . (16 ) 
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The case W ^ T, henceforth called case b, does 
lead to a true doorway-state phenomenon: While 
the population of the TV + 1 compound states is 
possible only through the doorway state each 
of these N + 1 states is populated, and the original 
doorway state has totally disappeared. It is smeared 
out over the compound states and manifests itself 
only in a coherence property of the widths T a , as 
shown by equs. ( 16 ) and ( 1 2 ) . Unfortunately, 
case b seems as unrealistic as case a. Any inter-
mediate case can only be treated numerically which 
is done in sect. III. 

II. Average Cross Sections 

The average cross section ( o ( E ' ) )E is defined by 
E+LI2 

< O ( F ' ) ) E = JdE'o(E') f(E'). ( 1 7 ) 

E-LI2 

According to re f . 1 7 , we choose 

/ ( £ ' ) = ^ [ ( £ ' - £ ) 2 + / 2 ] - i ( 1 8 ) ji 

and take L—> oo. Using the second of equs. ( 9 ) , 
and equ. (2 ) we obtain 17 

fN+1 
(o(E') )e= ( c o s 2 ^ ) • ' V 

U = l E-fia+il 
+ c. c. 

Ar+1 r„ 
+ (sin 2 Ö) • ( a Z j + c. c . j + 2 (1 - cos 2 d ) . 

(19 ) 

W e calculate the expression (19 ) f o r cases a and b. 
W e make the usual approximations, i. e. d 1 
where for case b the quantity d is defined as the 
average distance of the Re . Then, the sums 
occurring in equ. ( 19 ) can be transformed into 
integrals. In case a we furthermore assume that 
| Im jUa j / f o r a=t=w + l , that T > 1 and that 
Vj2 = a T with a independent of i. Under these 
approximations, we obtain 

-V+1 rn y 
at=l E - t i a + i l * E-e+ur (20a> 

In other words, the average cross section obtained 
f rom equs. (19 ) and (20 ) displays the single door-
way state resonance, while the superimposed oscilla-
tions have disappeared. For case a this should be 
expected. For case b, we use the assumption 
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W > / > Im [ia and obtain 

r„ r 
E-e + \iW - (20 b) 

Again, because of T W this ought to be expected, 
but yields a different expression for the average 
cross section than that obtained from equ. (20 a ) . 
The case intermediate between a and b cannot be 
treated analytically unless several assumptions are 
introduced. We postpone a justification of these as-
sumptions to the next section. W e do not now as-
sume that W r . However, we are interested in a 
case where the doorway state pole has already merg-
ed with the other N poles. In this case, the quanti-
ties r a are no longer real. For simplicity, we assume 
that the quantities V ? are distributed symmetri-
cally, i . e . that V'] = It then follows f rom 
equ. (5) that the f.ia s are distributed symmetrically 
about £, and f rom equ. (7 ) that the quantities 
Re r a are distributed symmetrically, the quantities 
Im r a skew-symmetrically about e. For / d , we 
can again replace summations by integrals and 
therefore deal with a function F (E) obtained from 
the quantities Ta . W e describe T (E) by the formula 

T(E) =T Z o 
2 ji ( £ - £ ) 2 - H tr0

2 

n v d 
2t t dE ( £ - e ) 2 + i W\2 ( 2 1 ) 

which is in accord with the first of equs. ( 3 ) . Under 
the further assumption j Im tua j I we can calculate 
the average cross section, we obtain for I WQ, 

r„ N+1 
V 
fi E~/xa+il 

r 
E—s+$i 

A w t 

{E-e+\iW\y- ' (22) 

In order to discuss qualitatively the change resulting 
f rom equ. (22) in the average cross section, we first 
write the average cross section for case b, combining 
equs. (19) and (20 b ) 

r W 
(O(E'))E = (E-e)2 + lW2 

2 r(E-s) 

2 d 

(E-e)2 + lW2 sin 2 <3+ 2 ( 1 - c o s 2 d ) . (23 ) 

W e now assume W0 Wt and define x = r j T . 
Then, we obtain f rom equ. (22) a formula similar 
to equ. ( 2 3 ) , except for the fol lowing changes. The 
quantity W in equ. ( 23 ) has to be replaced by W0 . 



The term in front of cos 2 d has to be multiplied by 

/I —2 x 

A(E) = ( l + 2 x ) 
1 + 2 x 

( £ - £ ) 2 + i r 0 2 
(24 a) 

(24 b) 

the term in front of sin 2 d by 

( E - £ ) 2 + i r 0
2 ( l - 4 x ) 

( £ - £ ) 2 + l F 0
2 

It can easily be seen that both A(E) and B{E) lead 
to an effective widening (narrowing) of the reso-
nance for x > 0 ( : r < 0 ) . This statement is of interest 
because from the measured shape of an intermediate 
structure resonance, one would like to extract in-
formation regarding the quantities T and W, the 
latter being defined in equ. ( 1 3 ) . The questions to 
be answered by the numerical calculations can thus 
be summarized as follows. 1) For which values of W 
[equ. ( 1 3 ) ] does the merger between the doorway 
state and the complicated states take place? ii) Is 
the description (21 ) f o r the distribution of the 
-Fa's realistic? iii) What are the values for the 
quantities W0 , Wx , Tx in dependence on T and W? 
Can we put W 0 ^ W x , and is it reasonable to write 
w0mr + w? 

III. Numerical results 

W e have investigated numerically the solutions 
of the equs. ( 5 ) and ( 7 ) , using the following input 
data. W e put e v + 1 = 25.5 - i ß and V̂ = 50, so that 
£;• = / , /' = 1, . . . , 5 0 . All matrix elements F;2 were 
assumed to be equal, Fj2 = a. The solutions thus 
depend upon the two parameters a and ß. In order 
to have N ^ ß d 1, we have chosen ß = 8, 
which corresponds to a width T = 16. W e have also 
investigated the general behaviour of the solutions 
for different values of ß, but those obtained for 
ß = 8 are typical so that we restrict our discussion 
to them. The quantity W defined by equ. (13) is 
given by ~ 2 TI a, since d ^ 1 with our choice of 
parameters. The merger between the doorway state 
and the many complicated states proceeds as fo l lows: 
For a = l , W ^ 6 . 2 8 the doorway state is still 
distinct f rom the complicated states, it is situated 
at a distance of 5.3 from the real axis, whereas the 
neighbouring poles have distances of about 0.2 
from the real axis. For a = 2, W 12.57 the 
situation has not changed qualitatively, the corre-
sponding figures are now 2.0 and 0.3, respectively. 

Re //a Im fla Re ra/r i m ra/r 
50.180 - 0 . 1 1 1 5 +0.00713 - 0 . 0 1 2 4 6 
49.165 820 709 796 
48.161 763 684 715 
47.160 - 0 . 0 7 5 3 +0.00681 —0.00699 
46.161 762 690 740 
45.163 785 707 738 
44.167 816 730 777 
43.170 855 758 828 
42.174 901 791 889 
41.179 955 830 961 
40.185 1017 874 1046 
39.190 1088 924 1146 
38.197 1168 983 1261 
37.204 1258 1052 1396 
36.211 1361 1135 1555 
35.220 1478 1236 1741 
34.229 1611 1363 1961 
33.240 1764 1529 2224 
32.252 1939 1754 2539 
31.266 2141 2074 2916 

30.283 2376 2550 3359 
29.305 2647 3294 3843 
28.334 2953 4475 4249 
27.375 3279 6280 4192 
26.430 3557 8421 2895 
25.500 3675 9527 0 

24.569 - 0 . 3 5 5 7 +0.08425 +0.02885 
23.626 3278 6274 4197 
22.666 2953 4479 4247 
21.695 2647 3291 3845 
20.717 2376 2552 3358 
19.734 2142 2073 2917 
18.748 1939 1754 2539 
17.760 1764 1528 2224 
16.770 1611 1363 1961 
15.781 1478 1236 1741 

14.789 1361 1135 1555 
13.796 1258 1052 1396 
12.803 1168 983 1261 
11.810 1088 924 1146 
10.815 1017 874 1046 

9.821 955 820 961 
8.826 901 791 889 
7.830 855 758 827 
6.833 816 730 777 
5.837 785 707 738 

4.839 762 690 711 
3.840 753 681 699 
2.839 763 684 715 
1.835 820 709 796 
0.820 1115 713 1246 

Table 1. Distribution of the poles /.ia and residues T J T 
of the 5-function. 

For a = 3, we have W ^ 18.85, so that r ^ T = 16.0, 
and the merger is complete. Table 1 shows in the 
first and second column the distribution of the real 
and imaginary parts of the quantities jUß , ß =1,..., 
51 [see equs. (2 ) to ( 4 ) ] f or a = 3, and in the third 



and fourth column the values of the real and 
imaginary parts of the quantities Tß\T [see equ. 
( 7 ) ] f or ß = l, . . . , 5 1 and a = 3. This result (as 
well as the other cases investigated numerically) 
shows that the merger between the doorway state 
pole and the other poles becomes complete at values 
of W m T . 

W e now turn to the distribution of the quantities 
r ß / T (Table 1, third and fourth co lumn) . In the 
first place, it is interesting to notice that T ß / T is 
not related to Im /.iß in any simple way. This should 
be expected since we deal with overlapping reso-
nances. A comparison between column three of 
that table and equ. ( 2 1 ) shows that is not possible 
to fit the distribution exactly by a LoRENTzian. This 
is because according to equ. ( 21 ) the real part of 
r ß / r should be given by 

/ » . 1 
2 . T ( E F - E Y + I W O 2 ' 

This expression contains only one parameter, W 0 , 
which is determined by the height of the distribution 
at Eß = e = 25.5. W e obtain JF0 = 6.7, and with this 
value Tß\T = 0 . 0 3 1 at £ = 31 .266 , whereas the 
value f rom Table 1 is 0 .021 . On the other hand, at 
£ = 50 .180 we obtain T ß / T = 0 .0017 , in contrast 
to the value 0 .0071 f rom Table 1. Probably part of 
this discrepancy is due to the fact that we have used 
a finite range of energies, whereas equ. (21 ) applies 
to an infinitely large energy interval. It is clear, 
however, that a LoRENTzian distribution for Re Tß 
applies only rather approximately, in particular 
since it also depends upon the distribution of the 
quantities Vf. A better fit to the wing of the dis-
tribution is obtained by decreasing JF0; then, how-
ever, the values obtained near the center of the 
distribution are too small. The quantity JF0 may 

be called the spreading width, it is extremely inter-
esting that the relationship W 0 = T + JV applies not 
even as an order-of-magnitude estimate, since 
Wq — 3 . . . 7 is the total width entering into the 
formula for the averaged cross-section, equ. ( 2 3 ) , 
and r ^ W ^ 16 . . . 18. 

The distribution of the imaginary part of r ß / r 
(column four of Table 1) can be fitted more easily 
with the formula ( 2 1 ) , simply because we now have 
two parameters at our disposal, the width Wx and 
the height T\ of the distribution. A rough fit to 
the distribution (done by hand) yields fF1 = 3.3, 
which in view of the bad fit obtained for Re r ^ / T 
agrees rather well with W 0 = 6.7, and F J F 
= —0.045. This shows that the quantity x = r j r 
appearing in equ. (24 ) is exceedingly small, in 
spite of the fact that Im Tß is of the same order of 
magnitude as Re Tß . 

In addition, we wish to point out that the distribu-
tion of the quantities u a was not in all cases as 
smooth as that shown in Table 1. If one increases 
the coupling a further and considers, f . i., a value 
a = 8.0, one finds that the poles uß tend to repel 
each other and lie no longer on a smooth curve. 
Whether or not this effect was caused by the 
finite energy interval chosen could not be decided 
within the frame of the present investigation. 
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